The second order QCD contribution to the semileptonic b → u decay rate
Measurements of the semileptonic B meson decay rates at B factories [1] provide precise means to extract the Cabibbo-Kobayashi-Maskawa matrix elements |V ub | and |V cb | from experiment. The accurate determination of these parameters is a requisite for many tests of CP violation within the three-generation Standard Model.
The Heavy Quark Expansion provides a framework for the systematic calculation of contributions to the inclusive B meson decay rate [2] [3] [4] [5] [6] . To leading order in the heavy quark mass the inclusive B meson decay rate is equal to the decay rate of a on-shell b quark treated within renormalization group improved perturbative QCD. The nonperturbative corrections are suppressed by at least two powers of the heavy quark mass and can be expressed as matrix elements of higher dimension operators in the heavy quark effective field theory.
Perturbative QCD contributions to b quark decay play an important role in accurate predictions for the inclusive B meson decay rate. The first order QCD corrections to the inclusive semileptonic b → u decay width Γ(b → X u eν e ) were derived from the calculation of the 1-loop QED corrections to the muon decay rate [7] . For Γ(b → X c eν e ) c quark mass corrections are important and the 1-loop QCD corrections were obtained in a closed analytical form in Ref. [8] .
For dimensional reasons Γ(b → X u eν e ) is proportional to the b quark mass to the fifth power. The adopted definition for the b quark mass therefore strongly affects the coefficients of the higher order QCD corrections. If the width is expressed in terms of the MS renormalized b quark mass one finds that the 1-loop QCD corrections to Γ(b → X u eν e ) are significant, one-third of the size of the tree level contribution.
The 2-loop QCD contribution to Γ(b → X u eν e ) and Γ(b → X c eν e ) proportional to the number of light quark flavours was calculated in Refs. [9, 10] . This result was used to obtain an estimate for the full 2-loop corrections for both semileptonic b → c and b → u decay [10] . Recently an accurate estimate of the full 2-loop correction to the inclusive semileptonic b → c decay rate was obtained [11] based on calculations at 3 distinct values for the invariant mass of the lepton pair [11] [12] [13] .
In this letter the 2-loop QCD corrections to the inclusive semileptonic b → u decay rate are evaluated analytically. The starting point of the calculation is the Lagrangian
Here L W is the effective weak interaction term
where ψ u , ψ b , ψ e and ψ νe are the wave functions for the u quark, b quark, electron and its neutrino respectively. L QCD is the standard QCD Lagrangian for the strong interactions. The calculation is performed in effective 5 flavour QCD since the t quark decouples for the process under consideration. The QCD correction to the semileptonic decay rate are finite since they are separately finite for a vector quark current and the flavour non-singlet axial-vector quark current. Throughout this article we use dimensional regularization [14, 15] and the standard modification of the minimal subtraction scheme [16] , the MS-scheme [17] for coupling constant renormalization. Calculations with massive external fermions are most easily performed in the on-shell renormalization scheme for fermion masses. Nevertheless, the final results in this letter will be expressed in terms of MS renormalized quark masses. For the treatment of the γ 5 matrix in dimensional regularization the technique described in Ref. [18] is used which is based on the original definition of γ 5 in Ref. [15] . It is interesting to note that in the limit of massless u quarks the contribution to the decay rate coming from the axial-vector part of the weak interaction Eq. (2) can be reduced to the vector part by using the effective anticommutation property of the γ 5 matrix.
For the order α 2 s corrections to the inclusive width Γ(b → X u eν e ) one has to determine the sum of the decay widths b → ueν e , b → ueν e g, b → ueν e gg and b → ueν e qq, where g denotes a gluon and q denotes a quark, with up to two gluons or quarks in virtual corrections. According to the Kinoshita-Lee-Nauenberg [19] theorem, the inclusive decay rate is free from singularities as the u quark mass goes to zero. The calculation will be done in the approximation of massless u,d,s and c quarks. The c quark enters only in the partial rate b → ueν e cc or as cc pairs in virtual corrections, and the effect of a non-zero c quark mass on the total decay rate is therefore limited. The situation is quite different for Γ(b → X c eν e ) where the c quark enters in all diagrams and c quark mass effects are very important.
Using the optical theorem one may express the inclusive decay rate as the imaginary part of 4-loop on-shell propagator type diagrams. Some of these diagrams are shown in Fig 1 . The imaginary part of these 4-loop quark propagator diagrams can be evaluated analytically using the methods employed in Ref. [20] where the 2-loop QED corrections to the muon decay rate were evaluated. As was noted before, the muon decay rate and Γ(b → X u eν e ) are closely related; the result for the 2-loop QED corrections to the muon decay width corresponds formally to keeping only the abelian part in the 2-loop QCD corrections to Γ(b → X u eν e ). The approach of Ref. [20] relies heavily on the use of the method of integration-by-parts [21] within dimensional regularization to express the imaginary part of the 4-loop diagrams in terms of a small set of 26 primitive integrals. Although there are diagrams for Γ(b → X u eν e ) that involve integration topologies that were absent in Ref. [20] it turns out that after the use of integration-by-parts identities for these topologies no new primitive integrals are needed.
All diagrams that contribute to Γ(b → X u eν e ) are calculated in a general covariant gauge for the gluon fields. The explicit cancellation of the gauge dependence in the sum of the diagrams gives an important check of the result. The result that is obtained in this way reads 
where α
s (µ) is the coupling constant in effective 5 flavour QCD, µ is the renormalization scale, n f = 5 is the total number of quark flavours and M b is the b quark pole mass in the two loop order. C F = 4/3 and C A = 3 are the Casimir operators of the fundamental and adjoint representation of the colour group SU(3), T F = 1/2 is the trace normalization of the fundamental representation. ζ k denotes the Riemann zeta function, ζ 2 = π 2 /6, ζ 3 = 1.2020569 · · · , ζ 4 = π 4 /90. We note that the coefficient of C F T F n f in Eq.(4) agrees with the value 3.22 obtained in Ref. [9] and the terms proportional to C 2 F and C F T F agree with the result for the QED contributions to the muon decay width of Ref. [20] . The order α 2 s coefficient in Eq. (4) is sizable but this coefficient is somewhat smaller than the estimate −28.7 obtained in Ref. [10] .
It has been shown [22, 23] that the perturbative coefficients for Γ(b → X u eν e ) receive contributions that grow rapidly at higher orders corresponding to a singularity in the Borel plane at π/(2β 0 ) (with β 0 given below Eq. (15)) when the decay width is expressed in terms of the b quark pole mass. This particular growth of the perturbative coefficients is related to the infrared sensitivity of the pole mass definition and is absent when the inclusive decay width is expressed in terms of the MS renormalized b quark mass m b (µ). We will therefore express the decay width in terms of m b (µ) using the known relation between the pole quark mass and the MS renormalized quark mass [24, 25] . 
Applying this relation to eliminate M b from Eq.(3) and from the logarithms appearing in Eqs. (4, 6) ln µ
one obtains the result for the decay width in terms of the MS renormalized b quark mass 
where
b (µ) is the MS renormalized b quark mass in effective 5 flavour QCD. The decay width may also be expressed in terms of parameters of 4 flavour QCD by using the known decoupling relations for the coupling constant and the quark masses [26] [27] [28] 
to obtain
Here
b (µ) and only the numerical expressions are given.
Each of the obtained expressions for the decay width Eqs. (3), (8) and (12) satisfies formal renormalization group invariance that is required of a physical quantity which in the α 2 s approximation reads
The µ dependence in the renormalized mass and coupling constants is given by the renormalization group equations
where a = α s /π, β 0 = 11 12
T F n f ) and n f is the number of quark flavours in effective QCD. The higher order coefficients up to β 3 and γ 3 are given in [29] .
As is indicated in Eq. (14) the two loop QCD expressions for Γ(b → X u eν e ) have a remaining renormalization scale dependence that is of order α If variation with respect to µ in this interval is used to estimate the contributions to Γ(b → X u eν e ) beyond the α 2 s order one finds that these unknown higher order contributions should not hinder the extraction of |V ub | down to an accuracy of 8%. Furthermore we note that the difference between the LO,NLO and NNLO curves is minimal for µ ≈ 2.5 GeV, i.e. the apparent convergence of the perturbation series is optimal for this choice of the renormalization scale (which is within the above mentioned interval). This fact is not surprising as the size of the coefficients 
